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a b s t r a c t

The ideal shear strength is the minimum stress needed to plastically deform a defect free crystal; it is of
engineering interest since it sets the upper bound of the strength of a real crystal and connects to the
nucleation of dislocations. In this study, we have employed spin-polarized density functional theory to
calculate the ideal shear strength, elastic constants and various moduli of body centered cubic Fe-Cr
alloys. We have determined the magnetic ground state of the Fe-Cr solid solutions, and noticed that
calculations without the correct magnetic ground state would lead to incorrect results of the lattice and
elastic constants. We have determined the ideal shear strength along the 〈111〉{110} and 〈111〉{112} slip
systems and established the relationship between alloy composition and mechanical properties. We
observe strengthening in the 〈111〉{110} system as a function of chromium composition, while there is no
change in strength in the 〈111〉{112} system. The observed differences can be explained by the response
of the magnetic moments as a function of applied strain. This study provides insights on how electronic
and magnetic interaction of constituent alloying elements may influence the properties of the resulting
alloys and their dependence on alloy compositions.

© 2017 Elsevier B.V. All rights reserved.
1. Introduction

Fe-Cr alloys, among other iron based alloys, are currently being
used as critical structural materials for various energy applications
[1e4]. In addition, they are candidates for structural components
for next-generation fission and fusion energy systems [5]. These
applications require alloys to work in extremely challenging con-
ditions, demanding improved mechanical properties and radiation
resistance [6,7]. To achieve optimized performance for these ap-
plications, it is essential to fundamentally understand the compo-
sitional effects on the mechanical properties of these alloys.

The ideal shear strength (ISS) is defined as the stress that ex-
ceeds the limit of elastic stability in a defect-free crystal. It is the
required stress to move layers of atoms on top of each other and is
relevant to the dislocation nucleation process. Therefore the ISS is
an important parameter in plasticity and fracture [8,9]. Moreover,
during extremely high strain rate events, the ISS represents the
lattice resistance to dislocation motion [10,11]. In practice, it is of
engineering interest since the ISS provides an upper limit of the
strength of a material. Studies of the ISS have been performed since
the 1920's [12e14]. However, the requirement of a defect-free
sample made the experimental determination of the ISS difficult.
In fact, experimental values of the ISS have been obtained only
recently by nanoindentation measurements [15]. In these experi-
ments an indenter with a very sharp tip, usually between 50 nm
and 1 mm, is pressed against a material with a low defect density.
The volume under the indenter can be considered defect-free. The
value of the stress required to initiate deformation is either the
ideal shear strength or the stress required to nucleate dislocations
homogeneously [16]. Similar deformation processes also happen
during the hardness measurement, except the latter is at a much
larger length scale.

The requirements of a periodic defect-free crystal make first
principles calculations a suitable way to estimate the ISS [17]. Thus,
the ideal strength is one of the mechanical properties that are
predictable by computational means [16]. Ab initio computations of
the ISS of several materials have been performed, mostly on single
element systems: pure bcc metals [18e20], pure fcc metals, and
semiconductors [21]. For instance, studies on ferromagnetic bcc
iron have been done by Clatterbuck et al. [22]. Ogata et al. [23]
explored ferromagnetic nickel and iron. In addition, calculations
have been done in ceramics, carbides, nitrides [24,25], and recently
in TiVNbMo high entropy alloys [26]. However, to our knowledge
no studies of magnetic alloy systems have been performed,
partially because calculations of the ISS in magnetic systems are
challenging. First, the magnetic ground state of the alloy must be
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determined, and secondly, the magnetic moments will experience
frustration; the magnetic moments of chromium atoms would like
to point in the opposite direction to the iron magnetic moments,
and at the same time in the opposite direction to other chromium
atoms, as described by Soderlind et al. [27].

In this work, the compositional effects on ISS in bcc Fe-Cr system
are investigated using density functional theory calculations. The
challenge associated with theoretical investigation of Fe-Cr has
been widely recognized, due to the subtle but critical magnetic
interactions in the alloy systems. Specifically, we have determined
the ISS of magnetic Fe-Cr up 12.9% Cr along the 〈111〉{110} and 〈111〉
{112} slip systems. To determine the electronic and magnetic origin
of the observed trend, the cohesive energy, elastic constants, and
several elastic moduli of Fe-Cr are also obtained and comparedwith
previous studies.
2. Methodology

2.1. Ideal shear stress

Shear deformation can be applied by two different ways: affine
and alias [7]. In the affine shear deformation, all atoms are shifted
parallel to the direction of shearing. Practically, only lattice vectors
are changed, while the fractional coordinates of the atoms within
the supercell remain the same. In the alias deformation only the top
layer of the cell is initially displaced in the shear direction, while the
atoms in all other layers remain in their original positions. The
displacement of the top layer initially only influences the layer next
to it, but atomistic relaxation leads to the propagation of the
displacement from top to bottom. Comparing these two methods,
the affine deformation gives a homogeneous deformation of the
lattice, while the alias deformation depends on the shear plane. We
have chosen to use the affine shear, since it offers a homogeneous
deformation, which is well suited to the alloy systems.
Fig. 1. Transformations used to apply the shear deformation. A is the basis vector matrix, D i
the slip system as basis vectors. S¡1 is the inverse transformation, used to convert the syste
calculations, where the basis vectors are associated with the slip system. (b) The coordinate s
crystal system reference.
In this work, we have calculated the ideal shear strength by
applying incremental affine shears to the crystal along the bcc
common slip systems, 〈111〉{110} and 〈111〉{112}. The ISS t is ob-
tained by calculating the energy and volume as a function of the
strain, and taking the derivative of the energy E with respect to the
strain g, shown in Equation (1). The ideal shear strength is the
maximum of the stress-strain curve [28].

To apply the shear strain it is convenient to use a coordinate
system defined by the slip system. This Cartesian coordinate system
has unit vectors ei(i ¼ 1,2,3), where e1 is pointing in the slip di-
rection, and e2 and e3 are perpendicular to e1. This transformation
converts the cubic unit cell to an orthorhombic supercell, with the
lattice vectors aa(a ¼ 1,2,3) pointing in the direction of the unit
vectors ei. To apply the shear strain in the slip plane perpendicular
to a3, the supercell is deformed by applying a deformationmatrix D
with a non-zero shear element.

We have chosen an alternative way to perform the ISS calcula-
tions in order to preserve cubic symmetry. Instead of transforming
the coordinate system to the slip system reference, we transform
the deformation matrix to the cubic crystal system. Fig. 1a shows
the usual transformation used for ISS calculations, a cubic system
with basis vectors ð100Þ, ð010Þ, and ð001Þ is transformed to a co-
ordinate system with basis vectors ð111Þ, ð110Þ, and ð112Þ, with
ð111Þ pointing in the slip direction, and with vectorsð110Þ, and
ð112Þ perpendicular to the slip planes. The deformation is applied
to the orthogonal supercell. Fig. 1b is the transformation used in
this work. The process is similar to that described above, but an
inverse transformation is applied to the deformation matrix to
convert it to the cubic crystal system.

t ¼ 1
V

vE
vg

(1)
s the deformation matrix, and S is the transformation matrix to a Cartesian systemwith
m back to the cubic crystal system. (a) The coordinate system commonly used for ISS
ystem used in this work, where the deformation matrix transformed to the to the cubic
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2.2. Elastic properties

The elastic properties of cubic single crystals are described by
the three independent elastic constants C11, C12, and C44. We have
calculated the polycrystalline elastic moduli from their relationship
with the elastic constants. For cubic solids, the bulk-modulus (B) is
equivalent to the polycrystalline bulk-modulus and its relationship
with the elastic constants is given by Equation (2).

B ¼ ðC11 þ 2C12Þ
3

(2)

The polycrystalline shear modulus (G) has been obtained by the
Hill averaging method [29],

G ¼ ðGV þ GRÞ
2

(3)

where the Voigt (GV) and Reuss (GR) bounds are given by Ref. [30],

GR ¼ 5ðC11 � C12ÞC44
ð4C44 þ 3C11 � 3C12Þ

GV ¼ ðC11 � C12 þ 3C44Þ
5

(4)

Finally the Young's modulus (E), is connected to B and G by
Ref. [30],

E ¼ 9BG
ð3Bþ GÞ (5)

2.3. Computational details

The DFT calculations were carried out using the generalized
gradient approximation (GGA) with the PerdeweBurkeeErnzerhof
functional [31]. The electroneion interaction is described by the
projector augmented wave method (PAW) [32], and the plane wave
basis energy cutoff was set to 500 eV. The Vienna ab initio package
VASP [33,34] was employed to perform the simulations. For the Fe-
Cr simulations, we employed a 3 � 3 � 3 supercell with a 2 � 2 � 2
k-point sampling grid. The force on each atom is relaxed to less than
0.01 eV/Å. To assess magnetism, spin polarized DFT was employed.
The effect of local configuration becomes more pronounced in
magnetic systems due to the frustration of the magnetic moments.
We have averaged the results of three different configurations
generated using the special quasirandom structures approach (SQS)
Fig. 2. Energy versus lattice constant for non-magnetic, antiferromagnetic, fer
[35]. The search of the SQS was restricted to the 54 atom 3 � 3 � 3
cubic supercell using the mcsqs [36] program of the Alloy Theoretic
Automated Toolkit (ATAT) [37].
3. Results and discussion

3.1. Magnetic ground state, lattice constant and cohesive energies of
Fe-Cr alloys

Beforewe determine themechanical properties of the alloys, the
ground state properties are examined first. The magnetic state of
the binary alloy will be influenced by the magnetic states of the
parent elements, and the resulting state is a function of the
composition of the alloy. In solid solution, it is known that chro-
mium atoms will try to align their magnetic moment in the
opposite direction to the iron atoms, but at the same time they will
also want to have it opposite to other chromium atoms, leading to
magnetic frustration in the lattice as the chromium concentration
increases. Olsson et al. showed that for concentrations 〈20% chro-
mium, the system is well described with a bcc structure in the
ferromagnetic state [38e40], with a Curie temperature around
900e1500 K [41]. The spinodal decomposition clustering occurs at
high chromium concentrations [42,43]. We focus on the region of
the phase diagram where Fe-Cr forms single phase solid solutions.
At 300� C bcc iron forms a solid solution up to 9% chromium; at
higher temperatures chromium is completely soluble in iron for all
compositions [44]. Previous theoretical studies have performed
calculations for the whole compositional range of Fe-Cr alloys. We
have performed calculations up to 12.9% chromium.

We initially calculated the magnetic ground state for the parent
elements, iron and chromium, using collinear spin calculations and
considering ferromagnetic, antiferromagnetic, and nonmagnetic
configurations. Fig. 2 shows the energy versus lattice constant for
different magnetic states of iron (Fig. 2a), and chromium (Fig. 2b).
Our results are in agreement with previous experimental and
theoretical results. The magnetic state with the lowest energy for
bcc iron is ferromagnetic, which is consistent with [45,46]. Chro-
mium possesses a spin density wave antiferromagnetic ordering
[47]. We found that the antiferromagnetic configuration possesses
the lowest energy for chromium. In addition, we performed non-
collinear spin calculations for both iron and chromium, as can be
seen in Fig. 2, the difference in energy between the lowest collinear
and non-collinear calculations is very small, ~0.003 eV, which is in
romagnetic and non-collinear calculations for (a) bcc iron, (b) chromium.



Table 1
Lattice constant of iron and chromium for different magnetic states.

Antiferromagnetic
(Å)

Ferromagnetic
(Å)

Non-magnetic
(Å)

Non-collinear
(Å)

Fe 2.8030 2.8310 2.7501 2.83076
Cr 2.8625 2.8376 2.8374 2.8502

Fig. 4. Mixing energy of Fe-Cr. We compare the results obtained in this work with
previous theoretical studies.
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agreement with the values reported by Hafner et al. [48]. However,
the non-collinear feature did not change the overall magnetic
configurations. ISS calculations are more sensitive to the energy
difference rather than absolute values of energies. Therefore,
collinear spin calculations are used in this work, due to the small
energy difference and computational costs associated with the
non-collinear calculations. Table 1 tabulates the value of the lattice
constant for the different magnetic states from Fig. 2.

Vegard's law establishes a linear trend between the lattice
constants of solid solutions and the concentration of the alloying
elements. This behavior is not observed in the Fe-Cr solid solutions.
Experimental measurements of the lattice constant as a function of
composition do not follow Vegard's law, and a clear linear trend
cannot be established. This behavior can be appreciated in Fig. 3a,
but it becomes more evident for the whole compositional range as
in Ref. [49]. The non-linear behavior is accentuated in the theo-
retical results shown in Fig. 3a with this study's DFT results, and the
results obtained with exact muffin-tin orbitals (EMTO) [50]. The
dashed line in Fig. 3 represents Vegard's law for the DFT data. The
lattice constant obtained from DFT is an underestimation for all
compositions compared with EMTO. However, both methods pre-
dict qualitatively the same trend. A maximum in the lattice con-
stant is obtained between 7.5 and 10% chromium in both
approaches. We have identified that the alloy with the largest lat-
tice constant corresponds to the configuration with the highest
magnetic moment of iron. We found there is no correlation be-
tween the magnetic moment of chromium and the lattice constant.
Fig. 3b plots the lattice constant and the magnetic moment of iron
as a function of chromium concentration, the maximum value for
both parameters occurs at 9.25% chromium content. A similar
behavior has been reported for Fe-Ni alloys [51] where the
maximum in lattice constant corresponds to the composition
where the magnetic moments reach their maximum value.

Based on the obtained ground states, the mixing energy as a
function of chromium composition is calculated and shown in
Fig. 4, and compared with previous results from theoretical calcu-
lations for the low chromium concentration regime [38,39,52].
Quantitatively the value for each of these studies differs by a small
Fig. 3. (a) Lattice constant as a function chromium concentration, from experimental result
The dashed line indicates Vegard's law for the DFT calculations. (b) The lattice constant as
average magnetic moment for iron atoms in the right y axis.
amount, but all of them exhibit the same trend.
The good agreement obtained in lattice constant and mixing

energy between the results of this work and previous studies in-
dicates our simulations are able to reproduce the ground state
properties of the Fe-Cr alloys. The obtained relaxed structures
represent a good starting point for the ISS and elastic constant
calculations.
3.2. ISS and elastic constants of Fe-Cr

Fig. 5a shows the Fe-Cr energy versus strain curve for different
chromium compositions of the 〈111〉{112} slip system. The ISS re-
sults for both 〈111〉{112} and 〈111〉{110} slip systems are summa-
rized in Fig. 5b. The ISS shows different behaviors between the two
slip systems. First, it can be noted that the magnitude of the ISS in
the 〈111〉{110} slip system is greater than that of the 〈111〉{112} slip
system for all concentrations. Secondly, they exhibit a different
behavior as a function of concentration. An increase in magnitude
can be observed in the 〈111〉{110} system as more chromium atoms
are incorporated. The magnitude of the ISS for the 〈111〉{112} slip
system remains almost constant as a function of chromium
composition.
s of Pearson [49], EMTO calculations of Zhang [50], and the DFT results from this work.
a function of concentration for the current work is plotted in the left y axis, and the



Fig. 5. (a) Energy versus strain curve of Fe-Cr for different compositions for the 〈111〉{112} slip system. The overall energy of the system decreases as the concentration of chromium
rises. The ideal shear strength will be given by the maximum of the derivative of this curve. (b) Ideal shear stress as a function of chromium concentration for the 〈111〉{110} slip
system and the 〈111〉{112} slip system.
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In order to determine the origin of the nonlinear behavior of the
ISS as a function of strain in the 〈111〉{110} system, we carried out
calculations to determine the elastic properties of the alloy systems
to compare the elastic and plastic behavior of the alloys. The elastic
constants were calculated by performing six finite distortions of the
lattice and deriving the elastic constants from the strain-stress
relationship [53]. The value of the elastic constants increases as
the concentration of chromium increases, and consequently the
magnitude of the elastic moduli also increases, which means the
elastic properties of iron are improved as chromium is added to the
system up to 12.9%. Fig. 6a shows the compositional effect on the
elastic constants. We have compared the DFT results from this
study with elastic constants obtained by EMTO [50]. In both cases,
we observe an increase in an almost linear fashion. In the DFT case,
results show an increase in C12 and C44, while a subtle increase is
observed in C11. The increase in value is more prominent for the
EMTO results. The shear modulus and Young's modulus are shown
as a function of composition in Fig. 6b. We again compare with the
EMTO calculations, and with experimental results [54]. The results
obtained in this study by DFT are in better agreement with the
experimental results than those reported by EMTO. The magni-
tudes of the theoretical values are overestimated in comparison
Fig. 6. (a) Elastic constants of Fe-Cr as a function of Cr composition from this work calc
comparison between experimental results [54], EMTO and DFT values from this work.
with the experimental values. The magnitude of the moduli in-
creases almost linearly as a function of chromium composition. We
therefore conclude that elastic properties and ISS show different
compositional dependence and only the plastic deformation
involving 〈111〉{110} slip system exhibits non-linear behavior.

We subsequently performed magnetic structure analysis and
found that the difference in behavior between the 〈111〉{112} and
the 〈111〉{110} can be rationalized by magnetic response of the
system. Fig. 7 plots the change in magnetic moment for chromium,
iron, and the total moment of the system as a function of chromium
composition.We observe a different behavior in the response of the
chromium magnetic moments in these two slip systems. In the
〈111〉{110} slip system (Fig. 7a) the chromium magnetic moment
presents a maximum, while for the 〈111〉{112} slip system (Fig. 7b)
the opposite behavior is observed; the magnetic moment of chro-
mium possesses a minimum. More importantly, in the 〈111〉{110}
system, the magnetic moment of chromium changes with chro-
mium composition; whereas in the 〈111〉{112} system the relative
change of chromium magnetic moment are the same for all com-
positions. For the iron atoms, in the 〈111〉{110} slip system (Fig. 7c),
similar behaviors are observed for different chromium concentra-
tions, while in the 〈111〉{112} slip system (Fig. 7d) it can be observed
ulated using DFT, and previous EMTO calculations [50]. (b) Elastic and shear moduli



Fig. 7. Change in magnetic moment per atom as a function of strain, for chromium in the (a) 〈111〉{110} slip system, (b) 〈111〉{112} slip system; iron (c) 〈111〉{110} slip system, (d)
〈111〉{112} slip system; and total magnetic moment of the system (e) 〈111〉{110} slip system, (f) 〈111〉{112} slip system.
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the presence of a maximum for low chromium concentrations and
transitions to two local maximums and a local minimum as the
chromium concentration increases. The total magnetic moment
shows similar behavior as iron (Fig. 7e and f). In addition, the
chromiummagnetic moment is sensitive to the local configuration,
as it can be seen from the large error bars in the figure. Based on
these observations, we believe the difference in behavior of ISS can
be attributed to the magnetic response of chromium, since both ISS
and change in chromium magnetic moment depend on alloy
composition in the 〈111〉{110} slip system and are independent of
chromium concentration in the 〈111〉{112} system. In comparison,
both the magnetic moment of iron and total magnetic moment
change consistently with composition.
Based on the above results, the addition of chromium improves

the strength of the alloy, which is consistent with previous studies
[50]. It should be noted that solutes in bcc metals could lead to
softening at very low temperatures [55]. One aspect that has not
been considered in this study is that chromium atoms could alter
the structure of the dislocation core, giving rise to the ductile-to-
brittle transition instead of hardening. Since we are treating
dislocation free crystals, the hardening observed in this study is due
to the changes in electronic and magnetic structure and the strain
introduced by substitutional impurities.
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4. Conclusions

In this work, we have established the relationship between
mechanical properties and composition in Fe-Cr alloys, and
assessed the impact of magnetism in these properties. We have
calculated the lattice constant, ideal shear stress, elastic constants
and cohesive energies for Fe-Cr (up to 12.9%) solid solutions as a
function of composition. The calculations of the lattice constant as a
function of composition present a maximum at 9.25% chromium,
which corresponds to the composition with the maximum value of
the iron magnetic moment. The addition of chromium to the Fe-Cr
system improves its elastic properties within the compositional
range considered in this study. The magnitude of the shear and
Young's modulus also increase as more chromium is added to the
system. Finally, the ISS for the two slip systems in question show
different behaviors. The ISS of the 〈111〉{112} slip system is inde-
pendent of composition, whereas the ISS of the 〈111〉{110} slip
system increases with chromium concentration. This difference in
behavior can be attributed to the response of the magnetic moment
of chromium to the strain conditions in each of the systems.
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