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a b s t r a c t

The chemistry of nuclear reactor fuel initially is complex, and continuous loss of uranium and plutonium,
and formation of a broad range of new species due to fission introduce a challenging time-dependence to
this chemistry. Lanthanides and/or Actinides substitution on the uranium sublattice occurs (a) during fis-
sion, (b) when mixed oxide fuel is used, and (c) when minor Actinides are reprocessed in UO2 matrix fuel
as part of a closed nuclear fuel cycle. These fission products and minor Actinides influence a variety of
thermo-physical properties, which depend on structure and elastic properties. How these structural
and elastic properties vary with Lanthanide and Actinide substitution is not well studied. In this study
we use atomic level simulations to investigate the effect of 4+ and 3+ ion substitutions on the structural
and elastic properties of urania matrix. Our results show that most of the 4+ ions reduce the overall lat-
tice parameter, while all the 3+ ions considered here increased the lattice parameter of the urania matrix.
This effect is guided by the interplay between the elastic and electrostatic effect of the substituted ions.
We calculate the chemical expansion and chemical expansion coefficient with the change in concentra-
tion based on the ionic radii of the substituted 3+ and 4+ ions. In general, elastic properties are enhanced
for 4+ ions substitution and reduced for 3+ ion substitution.

� 2012 Elsevier B.V. All rights reserved.
1. Introduction

The chemistry of nuclear reactor fuel initially is complex, and
continuous loss of uranium and plutonium, and formation of a
broad range of new species due to fission introduce a challenging
time-dependence to this chemistry. The fuel ultimately contains
multiple f-electron elements: uranium (U), plutonium (Pu), amer-
icium (Am), neptunium (Np), and curium (Cm) as well as many
lighter elements. Lanthanides and/or Actinides substitution on
the uranium sublattice occurs (a) during fission, (b) when mixed
oxide fuel is used, and (c) when minor Actinides are reprocessed
in UO2 matrix fuel as part of a closed nuclear fuel cycle. These
are described below.

Fission yield of a uranium based fuel can generate more than 20
fission products [1–3]. These can be classified broadly [1] as (i) fis-
sion gases and other volatile products (Br, Kr, I, and Xe); (ii) fission
products forming metallic precipitates (from Mo to Te in the peri-
odic table); (iii) fission products forming oxide precipitates; and
(iv) fission products dissolved as oxides in the fuel matrix. In addi-
tion neutron capture and decay reactions generate minor Actinides
such as Ce, Nd, Pm, Sm, Eu, and Gd in the Lanthanide series and Np,
ll rights reserved.
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Pu, Am, and Cm in the Actinide series. The generation of these fis-
sion products and minor Actinides affect the thermo-physical
properties of the fuel, mechanical properties, thermal conductivity,
ionic diffusion, phase stability. In order to understand the micro-
structural evolution of nuclear fuel during fabrication and opera-
tion, it is essential to understand the effect of these elements on
structure and elastic properties of the host UO2 matrix [4–6].

Mixed oxide fuels represent another situation where Actinides
substitute on the uranium sublattice. One very attractive way to
reduce the plutonium inventory is to reuse the plutonium as a
mixed oxide (MOX) fuel in power reactors [7]. There are different
MOX fuels used to reduce the plutonium concentration in the
spent fuel [7–9], those are UO2–PuO2, UO2–ThO2, and PuO2–ThO2.
While MOX fuels improve the proliferation resistance, a systematic
characterization of fundamental properties such as the structural,
elastic properties and phase stability is necessary.

Further, closed nuclear fuel cycles often involve the transmuta-
tion of minor Actinides in a host matrix [9]. The technologies for
incorporating significant amounts of minor oxides into fuel are
not well established. There are several minor Actinide fuel or target
options available for eventual application in nuclear transmutation
systems [9]. In particular minor Actinide rich fuels (MA-MOX) are
extremely important for transmutation. The concentrations of
minor Actinides in both MOX and MA-MOX range between 20%
and 25% cation substitution in the urania matrix.
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Quite often Actinide substitution is experimentally studied with
Lanthanide surrogates. For example, ceria-based MOX studied by
Kim et al. [10] characterized the influence of up to 30% ceria sub-
stitution in the urania matrix. The thermal conductivities were cal-
culated from measured thermal diffusivity as a function of the
cerium concentration. For the normalization of the thermal con-
ductivities, structure (lattice parameters and theoretical densities)
was examined using X-ray diffractometry.

These examples show the need to understand the effect of Lan-
thanide and Actinide substitution in the uranium sublattice. First-
principles calculation based on density functional theory (DFT) is
the ideal approach to obtain such fundamental properties. How-
ever, first-principles calculation has its internal limitation in
describing highly correlated systems such as UO2. In order to get
the correct ground state electronic properties additional parame-
ters (such as the Hubbard correction [11,12]) have to be consid-
ered, which is not trivial. For example, using first-principles
calculations, Yu et al. [13] have investigated the effect of the Hub-
bard correction on the defect properties and phase transition in
UO2. In comparison, empirical potentials fit to fundamental prop-
erties are available for most relevant Lanthanide and Actinde oxi-
des. Therefore, in this work we use atomistic simulation method
with empirical potentials to address the effect of substitution in
urania matrix.

Recent work by Middleburg et al. [14] investigated the accom-
modation of trivalent dopants in stoichimetric and hyper-stoichi-
ometric urania fuel using atomic scale simulations. In particular
these researchers have addressed the clustering and solution ener-
gies of different 3+ ions, where these trivalent ions help in manip-
ulating the microstructure and the neutronic response of the
urania fuel. Even though there has been a lot of work on the solu-
tion energies, incorporation energies, structural arrangement and
clustering of the 4+ and 3+ ions (Lanthanides and Actinides) in
the literature [14,15], there is a limited understanding of the effect
of these Lanthanides and Actinides on the structure and elastic
properties of the urania matrix with varying Lanthanide and Acti-
nide concentration.

The rest of the article is organized as follows: Section 2 dis-
cusses the interatomic potentials and simulation method. The re-
sults are reported in Section 3, where all the potentials are used
to estimate the properties of pure UO2. This section discusses the
specific case of Ce4+ and U3+ ions substitution and extends the cal-
culations to include other 4+ and 3+ Lanthanides and Actinides.
Section 4 includes the discussion and conclusion section. In Sec-
tion 4 we have presented the summary of all the ion substitution
on chemical expansion and equivalent temperature.

2. Methodology

In this study we have investigated the structural and mechani-
cal properties of UO2 and substituted urania-systems using atomic
level simulations. While the qualitative trends predicted with
molecular dynamics (MD) simulation is very useful, the quantita-
tive comparison with experiment depends on the fidelity of the
interatomic potentials used to describe the system. Since we are
interested in characterizing the structural and elastic properties
of UO2 and substitution of Lanthanides and Actinides in the urania
matrix, we have collected potentials which are consistent and
transferable.

The ground state phase of UO2 exhibits the Fluorite structure
with Fm �3 m symmetry (space group # 225). In the UO2 lattice,
uranium ions occupy the face centered positions and oxygen ions
occupy the tetrahedral sites. In order to simulate urania systems
with Lanthanides and Actinides, we have collected a set of inter-
atomic potentials [15–21] where the O–O interactions are the
same and transferable between U and other elements of interest.
A list of self-consistent interatomic potentials available to describe
the Lanthanides and Actinides are listed in Table 1. These poten-
tials can be separated based on the charge definition on each ion.
The potentials can be defined as a shell-model or rigid-ion model.
In the shell model [22], each ion is described by a core and a shell,
the sum of whose charges is the ionic charge of each species. The
core and shell on each ion is attached to each other via a spring
(which can be harmonic or anharmonic). The interaction between
the core and shell of an atom coupled by a harmonic spring is given
by:

VðxÞ ¼ 1
2

k2x2 ð1Þ

where x is the core-shell displacement, and k2 is the harmonic
spring constants. The interatomic potentials with shell-model are
Grimes01 [15], Grimes02 [16], Grimes03 [17] and Nadeem [18] re-
ferred as Pot1, Pot2, Pot3 and Pot4 respectively from here in after.
Pot1 can describe U4+, and Ce4+, while Pot2 provides consistent
parameters for U4+, Pu4+, Ce4+, Ce3+, Sm3+, and Gd3+. Pot3 is the only
potential that can describe the most 3+ ion descriptions and in-
cludes consistent parameters to describe U4+, U3+, Pu4+, Pu3+, Nd3+,
Sm3+, Eu3+, and Gd3+. Pot4 can describe systems with Th4+, U4+,
and Ce4+. There are two rigid ion models, where the ions are defined
by point charges. The Osaka potential (Pot5) [19] can describe most
of the Actinides (Th4+, U4+, Np4+, Pu4+, and Am4+) and Gd3+ consis-
tently; while Uchida potential (Pot6) [20,21] has self-consistent
parameters to describe a few Actinides (Th4+, U4+, Am4+, and
Am3+) of interest.

In order to simulate the urania systems with lattice-statics and
MD approach, the overall interactions are defined by the sum of
long-range and short-range contributions. The long-range interac-
tions for all the potentials are described by the Coulombic
interaction.

VCoulðrijÞ ¼
1
2

XN

i¼1

X
j–i

qiqj

rij

( )
ð2Þ

where N is the total number of ions in the system, qi, qj are the mag-
nitude of charges on ions i and j, and rij is the separation between
ions i and j. The Ewald sum approach is used to estimate the Colum-
bic interactions within a finite cut-off distance.

The short-range interactions are described predominantly by
strong repulsive interactions. All the potentials considered in this
article describes the short-range interaction by the Buckingham
potential [23] form, which is given as:

VBuckðrijÞ ¼ Aij expð�rij=qijÞ � Cij=r6
ij ð3Þ

where rij is the separation between two ions i and j; and A, q, and C
are free parameters. Pot5 and Pot6 includes an additional Morse po-
tential [24], which is used to describe the covalent bonding in the
system. The Morse potential is given as:

VMorseðrijÞ ¼ Dij 1� exp �bij rij � r�ij
� �� �h i2

� 1
� �

ð4Þ

where rij is the separation between two ions i and j; and D, b and r�ij
are free parameters. All the potential parameters are given in Tables
2a and 2b.

The General Utility Lattice Program (GULP) [25,26] was used to
predict the structural and elastic properties discussed in this arti-
cle. The simulations were performed within a 30% substitution of
the U4+ ions, which is in line with the concentration ranges re-
ported in the literature for UO2 systems. In the input structures,
the substituted ions were randomly distributed in the urania ma-
trix for all the concentrations. Following the work by Xu et al.
[27] on similar Fluorite system, a 4 � 4 � 4 supercell (768 atoms
for bulk phases) was used to perform all the calculations.



Table 1
List of atomic interactions available for Actinides and Lanthanides produced during UO2 fuel cycle with specific charge.

Referred as Grimes01 Grimes02 Grimes03 Nadeem Osaka Uchida
Pot1 [15] Pot2 [16] Pot3 [17] Pot4 [18] Pot5 [19] Pot6 [20,21]

Actinides
Th 4+ 4+ 4+
U 4+ 4+ 4+ 3+ 4+ 4+ 4+
Np 4+
Pu 4+ 4+ 3+ 4+
Am 4+ 4+ 3+
Cm
Lanthanides
Ce 4+ 4+ 3+ 4+
Nd 3+
Pm
Sm 3+ 3+
Eu 3+
Gd 3+ 3+ 3+

Table 2a
Interatomic potential parameters for core-shell models (Pot1, Pot2, Pot3, and Pot4) used to simulate various Lanthanides and Actinides substitution in urania. All the potentials
listed here are formal charge models.

Species Buckingham parameters Core-shell parameters Ref.

A (eV) q (Å) C (eV Å6) qcore [e] qshell (e) k2 (eV Å�2)

Pot1[15]
O2�–O2� 108.00 0.3800 56.06 2.40 �4.40 296.80
U4+–O2� 2494.20 0.34123 40.16 �2.54 6.54 98.24
U4+–U4+ 18600.00 0.27468 32.64
Ce4+–O2� 1984.20 0.34940 26.44 11.30 �7.30 1957.00
Ce4+–U4+ 101860.00 0.24076 23.87

Pot2[16]
O2�–O2� 9547.96 0.2192 32.0 0.04 �2.04 6.30
U4+–O2� 1761.775 0.35642 0.0 4.10 �0.10 160.00
Pu4+–O2� 1682.08 0.3542 0.0 4.00
Ce4+–O2� 1809.68 0.3547 20.40 4.20 �0.20 177.84
Ce3+–O2� 2010.18 0.3449 23.11 3.00
Sm3+–O2� 1944.44 0.3414 21.49 3.00
Gd3+– O2� 1885.75 0.3399 20.34 3.00

Pot3[17]
O2�–O2� 9547.96 0.2192 32.0 0.04 �2.04 32.00
U4+–O2� 1761.775 0.356421 0.0 4.00
Pu4+–O2� 1762.84 0.35420 11.48 4.00
U3+–O2� 1165.65 0.376582 0.0 3.00
Pu3+–O2� 1150.745 0.37430 12.10 3.00
Nd3+–O2� 1995.20 0.34300 22.59 3.00
Sm3+–O2� 1944.44 0.34140 21.49 3.00
Eu3+–O2� 1925.71 0.34030 20.59 3.00
Gd3+– O2� 1885.75 0.3399 20.34 3.00

Pot4[18]
O2�–O2� 25.41 0.6937 32.32 0.513 �2.513 20.53
U4+–O2� 9296.65 0.2796 90.00 5.00 �1.00 134.00
Th4+–O2� 8638.50 0.2856 70.00 4.64 �0.64 110.00
Ce4+–O2� 7549.87 0.2831 70.00 2.75 1.25 222.00
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The random distribution of substituted ions depends on the
configurational space available in the input structure and thus on
the size of the simulation supercell. There are different approxima-
tions that can be employed to establish solid solution configuration
using smaller supercells. These methods are extremely attractive
for first-principles calculation, which is limited by system size.
The approximations are (i) coherent potential approximation
(CPA), (ii) cluster expansion (CE), and (iii) special-quasirandom
structure (SQS) [28]. While CPA and CE are useful for first-princi-
ples calculation, SQS method can be used for both first-principles
and atomistic simulations. In the SQS method, structures are gen-
erated which mimics the correlation functions of an infinite ran-
dom system within a finite supercell. For a random alloying of
Al–Ti system, von Pezold et al. [28] reported that the SQS method
with a 2 � 2 � 2 (32 atom) supercell resulted in similar elastic
properties as a randomly distributed alloy system with 4 � 4 � 4
supercell containing 256 atoms. Since, all the calculations in this
manuscript are performed with a 4 � 4 � 4 supercell containing
768 atoms, the random distribution of substituted ions are used
to evaluate the structural and elastic properties.

For all the substituted ions, the relationship between the Shan-
non ionic radii [29] and the atomic number is presented in Fig. 1.
Fig. 1a illustrates the ionic radii variation with atomic number
for Lanthanides, while Fig. 1b illustrates the variation for Actinides.
In general, the ionic radii of 3+ ions are larger than 4+ ions, which is
as expected. The ionic radius decreases with the increase in atomic
number for a particular charge state. The ionic radii of 3+ ions are
presented with two different coordination numbers (CN = 6 and 8).
Since we are substituting 3+ ions in UO2-matrix, we have consid-
ered the ionic radii with CN = 8 for discussion.

There are different mechanisms associated with 4+ and 3+ ion
substitution. Substitution of 4+ ions at the cation sites of the urania
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matrix (U1�xAxO2) does not change the electrostatic of the system.
Therefore, the change in lattice parameter due to 4+ ion substitu-
tion can be assigned to the change in the radii of the substituted
ions, i.e. the elastic effect. A smaller ionic radius relative to U4+

ion will create local compression, thereby is expected to reduce
the lattice parameter. Similarly, a larger ionic radius will create lo-
cal tension, which will tend to increase the lattice parameter. On
the other hand, we have to consider both elastic and electrostatic
effects to understand the response of 3+ ions substitution in the
urania matrix (U1�2xA2xO2�x). Xu et al. [27] have reported the pos-
sible effects of 3+ ions in a CeO2 matrix. Similar structural response
is expected for 3+ ion substitution in UO2. The electrostatic re-
sponse for 3+ ion substitution should increase the lattice parame-
ter due to (i) the reduction in electrostatic attraction and (ii)
increase in electrostatic repulsion due to the oxygen vacancies.
The elastic response due to the substitution of a larger ionic radius
ion (3+ ions have larger ionic radii than U4+ ion, see Fig. 1) will in-
crease the lattice parameter. However, the increase in the number
of vacancies due to the increase in the 3+ ions in the system re-
duces the density of the overall system. In order to increase the
density of the system, this effect will try to reduce the lattice
parameter. Hence, there are three factors acting towards increasing
the lattice parameter, and one towards reducing the lattice param-
eter. The overall effect for different 4+ and 3+ ions are discussed in
detail.
3. Results

3.1. Pristine UO2

Each interatomic potential that we employ has been fit to pris-
tine UO2 properties. The bulk properties of UO2 predicted from
each potential are summarized in Table 3. These include the lattice
parameter, elastic properties, dielectric constants and phonon
properties. As seen from the table, most pristine, pure UO2 proper-
ties are well predicted by these interatomic potentials. A detailed
review is provided by Govers et al. [30,31]. Except Pot4, all other
Table 2b
Interatomic potential parameters for rigid ion models (Pot5 and Pot6) used to simulate vari
partial charge models.

Species Buckingham parameters

A (eV) q (Å) C (eV Å6)

O1.2�–O1.2� 2346.1488 0.32 4.14616
U2.4+–U2.4+ 442.2081 0.32 0.0
U2.4+–O1.2� 1018.5705 0.32 0.0
Th2.4+–Th2.4+ 17.0261 0.82 0.0
Th2.4+–O1.2� 61.4295 0.57 0.0
Np2.4+–Np2.4+ 20027.9343 0.16 0.0
Np2.4+–O1.2� 4530.9265 0.24 0.0
Pu2.4+–Pu2.4+ 32610.2942 0.16 0.0
Pu2.4+–O1.2� 5330.4009 0.24 0.0
Am2.4+–Am2.4+ 3568.4382 0.16 0.0
Am2.4+–O1.2� 2549.5744 0.24 0.0
Gd1.8+–Gd1.8+ 139021.40 0.16 0.0
Gd1.8+–O1.2� 8643.0870 0.24 0.0

O1.35�–O1.35� 919.17 0.332 17.36
U2.7+–U2.7+ 2.48 � 10+13 0.072 0.0
U2.7+–O1.35� 55918.39 0.202 0.0
Th2.7+–O1.35� 31321.23 0.220 0.0
Am2.7+–Am2.7+ 2.73 � 10+12 0.075 0.0
Am2.7+–O1.35� 42635.38877 0.203 0.0
Am2.025+–Am2.025+ 5.69 � 10+15 0.060 0.0
Am2.025+–O1.35� 68417.58793 0.196 0.0

Note that due to the partial charge definitions for Pot5 all the +4 charges are defined as an
corresponding charges are +2.7 e and +2.025 e respectively.
potentials underestimated the lattice parameter. Pot1 underesti-
mates the lattice parameter by �0.15%, while Pot6 by �0.45% com-
pared to <0.1% by the rest of the potentials. Pot4 overestimates the
lattice parameter by �0.1%. Most of the potentials overestimated
individual elastic constants. Pot5 predicts the C11 value within
10% of the experimental value, but it severely underestimates
(�50%) the C12 value. All the potentials predict positive phonon fre-
quencies, indicating the Fluorite structure to be stable.

We have calculated the anisotropy of the UO2 lattice as well as
polycrystalline elastic moduli, which are not calculated before. The
individual elastic constants are used to calculate the Zener anisot-
ropy factor (Z) and the properties of polycrystalline UO2. The Z fac-
tor describes the anisotropy in the cubic system. Using C11, C12, and
C44, the only non-zero tensor quantities for a cubic system, Z can be
defined as:

Z ¼ 2C44

C11 � C12
ð5Þ

where Z = 1 indicates a perfectly isotropic system, and Z < 1 indi-
cates an anisotropic system. The Z value calculated from experi-
mental elastic constants is 0.44 (data in Table 3) and 0.47
(reported by Belle and Berman [32]). Thus, Z < 1 indicates that the
UO2 system is anisotropic and the elastic moduli values will be a
maximum along the [100] or cube direction and a minimum along
the [111] or octahedral direction. Therefore, the value of the elastic
properties along the octahedral direction is expected to be 44% of
the axial direction. The estimated Young’s modulus along the
[111] direction is reported in Table 3. Belle and Berman [32] re-
ported the experimentally measured Young’s modulus along
[111] direction and it is �52% of the axial directions. This value is
slightly higher than the Z value calculated using experimental elas-
tic constants. Table 3 shows the anisotropy factor values calculated
for each UO2 potential using Eq. (5), which is estimated to be 0.47
for Pot1, 0.59 for Pot2 and Pot3, 0.66 for Pot4, and 0.69 for Pot6.
The Z value for Pot5 is estimated to be 0.30 mainly due to the severe
underestimation of C12.
ous Lanthanides and Actinides substitution in urania. All the potentials listed here are

Morse parameters Ref.

D (eV) bij (1/Å) r�ij (Å)

Pot5[19]

0.78101 1.25 2.369

1.21500 1.90 2.360

0.45559 3.27 2.339

0.56406 1.56 2.339

0.37315 3.98 2.339

1.27132 0.80 2.353
Pot6[20,21]

effective charge of +2.4 e and the +3 charges are assigned +1.8 e; while for Pot6 the



Fig. 1. Shannon ionic radii of 4+ ions with eight coordination number and 3+ ions
with eight and six coordination numbers for (a) Lanthanides and (b) Actinides. The
data with the red cross in (b) represents the ionic radius of U4+ ion (1.0 nm).
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Using the individual elastic constants, and the Viogt-Reuss-Hill
(VRH) approximation, we calculated the polycrystalline elastic
moduli. The VRH approximation gives a lower (GR) and upper
bound (Gv) for the shear modulus, and is given as [27,33]:
Table 3
Comparison of bulk properties of UO2 calculated from different interatomic potentials wit

Experiment Pot1 Pot2

Lattice parameter (Å) 5.4698 5.4615 5.468
Lattice energy (eV/UO2) �106.700 �105.6762 �104.
C11 (GPa) 389 524 532
C12 (GPa) 119 147 122
C44 (GPa) 60 89 121
Poisson’s ration 0.219 0.187
Compressibility (10�3/GPa) 3.66 3.86
Static dielec. const. 24.0 13.1 18.1
High. freq. di const. 5.3 5.3 5.7
Phonons at C (293 K)
T mode (cm�1) 280.0 344.0 178.9
L mode (cm�1) 450.0 533.3 282.2
Anisotropy factor (Z)a 0.44 0.47 0.59
Bsingle_crystal (GPa) 204 273 259
Gsingle_crystal (GPa) 113 150
Ysingle_crystal [100] (GPa) 385 459 486
Ysingle_crystal [111] (GPa)b 170 218 287
Bpolycrystal (GPa) 204 273 259
Gpolycrystal (GPa) 77–90 113–129 145–1
Ypolycrystal [100] (GPa) 205–235 298–334 366–3

a Belle and Berman [32] reported the value of Z = 0.47 for UO2.
b Young’s modulus along [111] direction is calculated using Z values.
GR ¼
5ðC11 � C12Þ � C44

4C44 þ 3ðC11 � C12Þ
< G < Gv ¼

C11 � C12 þ 3C44

5
ð6Þ

Since the bulk modulus for the single and polycrystalline sam-
ples are exactly the same, the bulk and shear moduli values can
be used to estimate the Young’s modulus of polycrystalline UO2,
which is given as:

ER ¼
9B� G
ð3Bþ GÞ ; where G ¼ GR or Gv ð7Þ

Table 3 lists the lower and upper bounds of shear and Young’s
modulus calculated from experiment and empirical potentials.

After analyzing the structural and elastic properties of pure
UO2, we are interested in characterizing the variation of these
properties due to the substitution of heavy ions. Since the lattice
parameter changes due to substitution of 4+ and 3+ ions at a con-
stant temperature, we have estimated the lattice parameter varia-
tion with a physical parameter defined as chemical expansion.

3.2. Chemical expansion

Chemical substitution changes the lattice parameter and its ef-
fect can be analyzed by defining a chemical expansion, which is
analogous to thermal expansion. While thermal expansion mea-
sures the variation in lattice parameter with change in tempera-
ture at constant pressure, chemical expansion measures the
change in lattice parameter due to a change in chemical formula
at constant temperature. Therefore, chemical expansion depends
on the type of ions substituted in the host matrix (in this article
it is urania matrix). While thermal expansion for most of the mate-
rials is positive with increase in temperature, the chemical expan-
sion may be either positive or negative depending on the
substituted ions (ion type, ionic radii, charge). Thus, we define
the chemical expansion in UO2 as the change in lattice parameter
due to substitution with respect to the lattice parameter of pure
UO2. The chemical expansion is defined as [34]:

eC ¼
ða� a0Þ

a0

����
T¼Constant

ð8Þ

where a is the lattice parameter measured at any concentration, and
a0 is the lattice parameter of UO2 perfect lattice. The measurements
are performed at a constant temperature. The chemical expansion
coefficient [34] is generally defined as
h experiment.

Pot3 Pot4 Pot5 Pot6

1 5.4682 5.4749 5.4654 5.4449
502 �104.501 �107.479 �45.589 �51.005

532 626 419 434
122 187 59 120
122 144 55 109
0.187 0.230 0.124 0.217
3.86 3.00 5.58 4.45
7.8 19.1 3.8 3.2
2.0 4.9

294.9 238.4 295.0 379.5
444.6 427.6 577.2 570.7
0.59 0.66 0.30 0.69
259 333 179 225
150 171 90 126
486 540 405 382
289 354 123 265
259 333 179 225

55 145–155 167–174 76–105 124–128
87 367–387 429–445 199–263 314–323



Fig. 2. Relative variation in lattice parameter due to 4+ ion substitution in
U1�xCexO2 system with respect to the bulk UO2 lattice parameter.
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aC ¼
eC

Dd
ð9Þ

where Dd is change in the oxygen-vacancy concentration in the sys-
tem, and d is the measure of the oxygen-vacancy concentration.

However, since we are focusing on both 4+ and 3+ ion substitu-
tion in UO2, and the oxygen-vacancy concentration is kept fixed for
a particular stoichiometry with atomic precision, the use of Dd for
chemical expansion coefficient is not very useful. Therefore, we
have used the chemical expansion (ec) variation with respect to
the ionic radius of the substituted ion. Thus, Eq. (9) is modified as

aC ¼
ec

Dr
ð10Þ

where Dr is change in the ionic radius of the substituted ion with
respect to U4+ ion. For example, comparing the ionic radii of Ce4+

(0.97 Å) and U4+ (1.00 Å), the value of Dr = �0.03 Å. Again Eq. (8)
can be compared with the coefficient of linear thermal expansion as

ða� a0Þ
a0

¼ aTDT

ða� a0Þ
a0

¼ aCDr
ð11Þ

where aT is coefficient of linear thermal expansion, DT is the change
in temperature and aC is chemical expansion coefficient. Since, all
the simulations are performed with single crystalline urania sys-
tem, the variation in change in length is equivalent to measuring
the change in lattice parameter

ða� a0Þ
a0

¼ ðL� L0Þ
L0

ð12Þ

where L is the length of the supercell measured with substituted
ions, and L0 is the length of the supercell for perfect UO2. In addition
to the above analysis, the ec values can be used to get an indication
of the equivalent change in temperature (DTeq) necessary to achieve
the same amount of lattice parameter variation in pure UO2. This is
calculated by considering the ec values and the coefficient of ther-
mal expansion reported for bulk UO2 11.8 � 10�6 K�1 [35] from
experiment, and using

eC ¼ aT;bulkUO2
DTeq ð13Þ
3.3. Ce4+ substitution in UO2

Before discussing the results on the effect of Lanthanide and
Actinide substitution in UO2, we have analyzed the atomistic mod-
el for Ce4+ substitution since experimental characterization of lat-
tice parameter is available for U1�xCexO2 system [10]. Thus we
used Pot1, Pot2 and Pot4 potentials to evaluate the change in lat-
tice parameter for U1�xCexO2 system, where x < 0.3. It is important
to note that Pot1, Pot2 and Pot4 are the only potentials which de-
scribe the Ce4+ ion interaction in UO2.

Fig. 2 illustrates the comparison of the relative change in lattice
parameter with fraction of Ce. The relative change in lattice param-
eter is calculated with respect to the bulk UO2 lattice parameter
predicted at x = 0. Following the results presented in Table 3, the
lattice parameters predicted for pure UO2 are 5.4615 Å, 5.4681 Å,
and 5.4749 Å for Pot1, Pot2, and Pot4 respectively. Comparing
these lattice parameters, Pot2 quantitatively compares well with
experiment (5.4698 Å [10]), while Pot1 underestimates and Pot4
overestimates the bulk UO2 lattice parameter. Therefore, a relative
change in lattice parameter is more meaningful for comparison
with experimental values of Ce4+ substitution.

Fig. 2 clearly shows that all the potentials predicted the varia-
tion in lattice parameter of U1�xCexO2 system similar to experi-
ment. Pot1 shows a larger deviation at larger concentration of
Ce4+ in the urania matrix. Using the atomistic models we have suc-
cessfully calculated the variation in structural property of a Ce4+

ion substituted urania system. Overall, the results show that sub-
stitution of a smaller ionic radius cation (Ce4+ = 0.97 Å compared
to U4+ = 1.00 Å) reduces the overall lattice parameter of the system.

These lattice variations predicted for the U1�xCexO2 system can
be used to estimate the chemical expansion, expansion coefficient,
change in lattice parameter and equivalent temperatures. Table 4
lists the comparison of chemical expansion and chemical expan-
sion coefficients for U1�xCexO2 system. The predicted ec and aC val-
ues with all the three empirical potentials are comparable to the
experimental values for U1�xCexO2 system with x < 0.30. The re-
sults show that the lattice contraction observed for U0.72Ce0.28O2

system, is equivalent to reducing the temperature by
�273 ± 31 K for bulk UO2. Similar analysis on Th4+ ions are recently
published by Behera and Deo [36].

3.4. Substitution of other 4+ ions

Now we have considered the substitution of other 4+ Lantha-
nides and Actinides in urania (U1�xAxO2). The composition consid-
ered for substitution is �20% or U1�xAxO2, where x = 0.2 and
A = Am, Pu, Ce, Np, and Th. Fig. 3 illustrates the variation in lattice
parameter with ionic radii of the substituted A ions in the UO2 ma-
trix. As ionic radius of the substituted ion increases, the lattice
parameter increases. In Fig. 3, we present the data with respect
to the ionic radius of U4+. Thus, the substitution of a lower ionic ra-
dius ion relative to U4+ ion decreases the overall lattice parameter,
while a relatively larger ionic radius ion increases the average lat-
tice parameter. This is in line with the discussion in Section 2, and
the overall variation in lattice parameter is assigned to the elastic
effect for 4+ ion substitution.

3.5. Substitution of 3+ ions

For a fixed charge model, such as the one considered for this
study, the substitution of 3+ ions in the UO2 system requires the
generation of oxygen vacancies in order to achieve a charge neutral
system. Due to the change in charge of the substituted ion and the
ionic radius, both elastic and electrostatic effects are present in
U1�2xA2xO2�x system. Here ‘‘A’’ may be the Lanthanides and Actin-
ides substituted in the UO2 matrix or may by U3+, which has a sig-
nificantly higher radius than U4+. First the effect of U3+ ion
substitution is discussed followed by the effect of other 3+ Lantha-
nides and Actinides.



Table 4
Chemical expansion coefficients calculated for Ce4+ ion substitution in U1�xCexO2 system using Pot1, Pot2 and Pot4 potentials compared to experiment [10]. The symbols: x is the
concentration of substituted ion, a0 is the lattice parameter of UO2 perfect lattice, a is the lattice parameter measured at a particular concentration, Da is change in the lattice
parameter, eC is change chemical expansion, Dr is change in the ionic radius, aC is the chemical expansion coefficient, and DTeq is the equivalent temperature.

x a0 (Å) a (Å) Da (Å) eC Dr (Å) aC (Å�1) DTeq (K) a

Experiment
0 5.4698
0.0763 5.4653 �0.0045 �0.0008 �0.03 0.027 �70
0.1484 5.4607 �0.0091 �0.0017 �0.03 0.055 �141
0.2168 5.4577 �0.0121 �0.0022 �0.03 0.074 �187
0.2817 5.4530 �0.0168 �0.0031 �0.03 0.102 �260
Pot1
0 5.4615
0.06 5.4577 �0.0039 �0.0007 �0.03 0.024 �60
0.15 5.4510 �0.0105 �0.0019 �0.03 0.064 �163
0.21 5.4470 �0.0145 �0.0027 �0.03 0.089 �226
0.28 5.4418 �0.0197 �0.0036 �0.03 0.120 �306
Pot2
0 5.4681
0.06 5.4650 �0.0031 �0.0006 �0.03 0.019 �49
0.15 5.4596 �0.0085 �0.0016 �0.03 0.052 �132
0.21 5.4565 �0.0117 �0.0021 �0.03 0.071 �181
0.28 5.4524 �0.0157 �0.0029 �0.03 0.096 �244
Pot4
0 5.4749
0.06 5.4714 �0.0035 �0.0006 �0.03 0.021 �54
0.15 5.4655 �0.0094 �0.0017 �0.03 0.057 �146
0.21 5.4620 �0.0129 �0.0024 �0.03 0.079 �200
0.28 5.4575 �0.0174 �0.0032 �0.03 0.106 �270

a The value of DTeq is calculated based on experimental thermal expansion coefficient of UO2 (aT = 11.8 � 10�6 K�1 by Fink [35]).

Fig. 3. Variation in lattice parameter due to 4+ ion substitution in U1�xAxO2 system,
where x = 0.20.

Fig. 4. Variation in lattice parameter due to U3+ ion substitution in UO2�x system
using Pot3. Pot3 is the only potential which can describe U3+ ion substitution.
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3.5.1. U3+ ion substitution
The overall effect of U3+ ion substitution on the lattice parame-

ter is illustrated in Fig. 4. This figure plots the variation of lattice
parameter with substitution of U3+ in U1�2xA2xO2�x giving, in this
special case, UO2�x. The maximum value of substitution character-
ized is x = 0.1, which corresponds to replacement of 20% of the ori-
ginal UO2 matrix by U3+ and vacancies. The predicted variation of
lattice parameter for UO2�x system shows an overall increase in
the lattice parameter with increase in x. This increase can be ex-
plained due to the larger ionic radii of the U3+ ion, and the reduced
electrostatic attraction.

Fig. 5 shows the variation in elastic constants for <20% U3+ sub-
stitution in urania. Due to the increase in the lattice parameter, it is
expected that the UO2�x will be mechanically softer than UO2,
which is evident from the moduli predictions for the UO2�x system.
The bulk, shear, and Young’s modulus decreases by �29%, 38%, and
43% for �20% U3+ substitution or UO1.90 system.
3.5.2. Lanthanide 3+ and Actinide 3+ ion substitution
Here the elastic and electrostatic effect of 3+ Lanthanide and

Actinide substitution is studied for �20% substitution
(U0.80A0.20O1.90), which corresponds to x = 0.1 and allows for direct
comparison with the 4+ ion substitution corresponding to
U0.80A0.20O2.00. Fig. 6 illustrates the change in lattice parameter
with ionic radii of the substituted ions for U0.80A0.20O1.90. The re-
sults show that lattice parameter increases with the increase in io-
nic radius of the substituted 3+ ion. The change in lattice
parameter in Fig. 6 can be directly compared with 4+ ion substitu-
tion. The rate of increase in the lattice parameter for 3+ ions is rel-
atively less than the 4+ ions. However, in Fig. 6, Nd3+, Pu3+, Ce3+ and



Fig. 5. Variation in bulk, shear, and Young’s modulus in UO2�x system using Pot3.

Fig. 6. Variation in lattice parameter due to 3+ ion substitution in U1�2xA2xO2�x

system, where 2x = 0.20.

Fig. 7. Variation in bulk modulus due to 3+ ion substitution in U1�2xA2xO2�x system,
where 2x = 0.20.

Fig. 8. Effect of 4+ and 3+ ion substitutions in uranium dioxide, where the
stoichiometric fraction of A is 0.20. The error bars are the error associated with the
predicted lattice parameter variation for a particular substituted ion with different
potentials.
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U3+ ions do not follow the lattice parameter variation trend. These
ions show a larger change in ionic radius (>10%) compared to the
host U4+ (U4+ = 1.00 Å, Nd3+ = 1.109 Å, Pu3+ = 1.14 Å, Ce3+ = 1.143 Å,
and U3+ = 1.165 Å). These larger ions lead to a greater strain in the
lattice, which causes the observed deviation in the overall lattice
parameter. Therefore, these elements are not considered for fur-
ther discussion. Fig. 7 shows the variation in bulk modulus as a
function of ionic radii, which shows �13–16% reduction in the bulk
modulus values. The shear and Young’s moduli values show similar
reduction of 17–23% and 19–24% respectively. Therefore, 3+ ion
substitution reduces the mechanical properties of urania matrix.

4. Discussions and conclusions

The effect of 4+ and 3+ ion substitutions are combined to ana-
lyze the overall effect on lattice parameter of the urania matrix.
This is achieved by plotting the 20% cation substitution in the ura-
nia matrix for both 4+ and 3+ ions. In effect this combines the re-
sults shown in Figs. 3 and 6. Fig. 8 illustrates that most of the
Lanthanide and Actinide 4+ ions (except Th4+) decreases the overall
lattice parameter, which is guided by the smaller size of the substi-
tuted 4+ ions compared to U4+. However, all the 3+ ions increase
the lattice parameter of the urania matrix. The error bars shown
in Fig. 8 are the error associated with the predicted lattice param-
eter variation with different potentials. The error bars shown in
other plots in the manuscript are also the variation in properties
by different interatomic potentials. Using Eq. (8), the average
chemical expansion is estimated for all the Lanthanides and Actin-
ides considered in this study. Fig. 9a plots the change in chemical
expansion with the ionic radii of the substituted ions, which shows
a linear trend in chemical expansion with ionic radius. Even though
the slopes are similar, 4+ and 3+ ions do not follow the same line
(between Th4+ = 1.05 Å, and Gd3+ = 1.053 Å). This deviation can be
attributed to the additional electrostatic effect and oxygen vacan-
cies associated with the 3+ ions substitution.

The chemical expansion coefficient is estimated by Eq. (10) and
is presented in Fig. 9b as a function of ionic radius. This plot shows
that most of the 4+ ions have a larger chemical expansion coeffi-
cient than the 3+ ions. The chemical expansions observed for 20%
substitution have been used to estimate the equivalent tempera-
tures in pure UO2 (Fig. 10, Tables 5 and 6). For example, consider-
ing the effect of 20% Am substitution, the reduction in chemical
expansion for Am4+ is equivalent to decreasing the temperature
by �290 K in pure UO2. Similarly the increase in chemical expan-



Fig. 9. Comparison of (a) chemical expansion (eC) and (b) chemical expansion
coefficient (aC) of 4+ and 3+ ion substitution in U0.80A0.20 system. The (eC) increases
with an increase in the substituted ionic radii with respect to U4+ ionic radius, and
vice versa. The (aC) is always positive and increases with the increase in the
magnitude of the change in ionic radii.

Fig. 10. The calculated equivalent temperature (Teq) for each type of substituted
specie in UO2 to achieve an equal amount of lattice expansion or contraction in a
perfect UO2 lattice. The experimental linear thermal expansion coefficient was used
to derive these temperatures. The error bars are associated with the predicted Teq

with different potentials for a particular substituted ion.

Table 5
Chemical expansion coefficients calculated for +4 ion substitution in U0.80A0.20O2

system (x = 0.20) using empirical potentials (for the meaning of the symbols please
refer Table 4).

Potential a0 (Å) A ion Dr
(Å)

a (Å) eC aC

(Å�1)
DTeq

(K)a

Pot1 5.4681 Ce4+ �0.03 5.4476 �0.0026 0.085 �217
Pot2 5.4681 Pu4+ �0.04 5.4502 �0.0033 0.082 �279

Ce4+ �0.03 5.4569 �0.0021 0.068 �174
Pot3 5.4682 Pu4+ �0.04 5.4541 �0.0026 0.064 �218
Pot4 5.4749 Ce4+ �0.03 5.4625 �0.0023 0.076 �192

Th4+ +0.05 5.4984 +0.0043 0.086 +364
Pot5 5.4654 Am4+ �0.05 5.4479 �0.0032 0.064 �271

Pu4+ �0.04 5.4505 �0.0027 0.068 �231
Np4+ �0.02 5.4620 �0.0006 0.031 �53
Th4+ +0.05 5.4877 +0.0041 0.082 +345

Pot6 5.4449 Am4+ �0.05 5.4252 �0.0036 0.073 �307
Th4+ +0.05 5.4747 +0.0055 0.109 +463

a The value of DTeq is calculated based on experimental thermal expansion
coefficient of UO2 (aT = 11.8 � 10�6 K�1 by Fink [35]).

Table 6
Chemical expansion coefficients calculated for +3 ion substitution in U0.80A0.20O1.90

system (x = 0.20) using empirical potentials (for the meaning of the symbols please
refer Table 4).

Potential a0 (Å) A ion Dr
(Å)

a (Å) eC aC

(Å�1)
DTeq

(K)a

Pot2 5.4681 Gd3+ 0.053 5.4784 +0.0019 0.036 +159
Sm3+ 0.079 5.4894 +0.0039 0.049 +330
Ce3+ 0.143 5.5073 +0.0072 0.050 +607

Pot3 5.4682 Gd3+ 0.053 5.4824 +0.0026 0.049 +221
Eu3+ 0.066 5.4872 +0.0035 0.053 +295
Sm3+ 0.079 5.4932 +0.0046 0.058 +389
Nd3+ 0.109 5.5007 +0.0060 0.055 +504
Pu3+ 0.140 5.6599 +0.0351 0.250 +2971
U3+ 0.165 5.6771 +0.0382 0.232 +3238

Pot6 5.4449 Am3+ 0.090 5.4785 +0.0062 0.068 +522

a The value of DTeq is calculated based on experimental thermal expansion
coefficient of UO2 (aT = 11.8 � 10�6 K�1 by Fink [35]).

Fig. 11. The effect of concentration on the equivalent temperature (Teq) for each
type of substituted specie in UO2. The open symbols are for 4+ ions and solid
symbols are for 3+ ions. The magnitude of Teq increases with an increase in
concentration. The error bars are associated with the predicted Teq for a particular
substituted ion with different potentials.
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Fig. 12. The % change in bulk modulus calculated for each type of substituted specie
in UO2. Most of the 4+ ions increase the bulk modulus while most of the 3+ ions
reduce the bulk modulus. The error bars are associated with the predicted % change
in bulk modulus with different potentials for a particular substituted ion.
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sion for Am3+ is equivalent to increasing the temperature by
�520 K in pure UO2. The deviation between 4+ and 3+ ions are ob-
served between Th4+ (Dr = + 0.050 Å) and Gd3+ (Dr = + 0.053 Å).
The equivalent temperatures are estimated to be +391 K and
+221 K for Th4+ and Gd3+ respectively. We also estimated the effect
of concentration on the equivalent temperatures. Fig. 11 illustrates
the variation in equivalent temperatures for three different con-
centrations (x � 0.03, 0.10, and 0.20). The absolute magnitudes of
the equivalent temperatures increase with an increase in the con-
centration of the substituted ions.

Fig. 12 shows the effect of substitution on bulk modulus. Most
of the 4+ ions increase the bulk modulus of the urania matrix,
which can be explained by the decrease in lattice parameter for
4+ ion substitution. Similarly most of the 3+ ions decrease the bulk
modulus. For example, if we consider 20% substitution in UO2 ma-
trix, Am3+ reduces the bulk modulus by �16%.

The incorporation of Lanthanides and Actinides in the urania
matrix affects various thermo-physical properties such as elastic
properties, thermal conductivity, ionic diffusion, phase stability.
In this manuscript we have investigated the effect of Lanthanide
and Actinide substitution in UO2 matrix. We defined chemical
expansion and the chemical expansion coefficient that relates the
change in lattice parameter with ionic substitution. We then used
this parameter to estimate the effect of 3+ and 4+ Lanthanide and
Actinide substitution in the UO2 matrix. The results show that the
structural and elastic properties are dependent on the elastic and
electrostatic effects. Elastic effects are prominent for 4+ ion substi-
tution, while both elastic and electrostatic effects are important for
3+ ion substitution. Further it is seen that all the ions with smaller
ionic radii than the U4+ ions reduce the lattice parameter, while
ions with larger ionic radii than the U4+ ions increase the lattice
parameter. The chemical expansions due to substitution are used
to estimate the equivalent temperature required to obtain similar
lattice variation in pure UO2. This study provides atomic level
understanding of the effect of substitution on elastic properties
of the urania fuel and is useful for understanding the effect of fis-
sion products on UO2 properties, on the properties of mixed oxide
fuels, and minor Actinide based fuels used for reprocessing.
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