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A B S T R A C T   

On-the-fly kinetic Monte Carlo (kMC) methods have recently garnered significant attentions after successful 
applications to various atomic-scale problems using a timescale outside the reach of classical molecular dy-
namics. These methods play a critical role in modeling atomistic meso-timescale processes, and it is therefore 
essential to further improve their capabilities. Herein, we review one of the on-the-fly kMC methods, Self- 
Evolving Atomistic kinetic Monte Carlo (SEAKMC) and propose two schemes that considerably enhance the 
efficiency of saddle point searches (SPSs) during the simulations. The performance of these schemes is tested 
using the diffusion of point defects in bcc Fe. In addition, we discuss approaches to significantly mitigate limi-
tations of these schemes, which further improves their efficiencies. Importantly, these schemes improve the SPS 
efficiency not only for SEAKMC but also for other on-the-fly kMC methods, broadening the applications of on-the- 
fly kMC simulations to complex meso-timescale problems.   

1. Introduction 

Microstructural evolution in materials is governed by atomic events, 
such as diffusion of defects, and it is hence essential to develop 
computational models for atomic-scale dynamics. Their timescale, 
however, often spans a wide range, e.g. from picoseconds to microsec-
onds or longer, which renders it difficult to establish a comprehensive 
modeling framework for atomic-scale dynamics by molecular dynamics 
(MD) alone. Kinetic Monte Carlo (kMC) [1–3] is a powerful tool, capable 
of handling phenomena that occur well beyond the MD timescale. In 
kMC, possible dynamics at each step are modeled by events listed in the 
catalog and the occurring dynamics are selected from the event catalog 
based on a random number. The kMC method can be generally cate-
gorized into object kMC (OKMC) [4,5] or atomistic kMC (AKMC) [6]. In 
OKMC, one can treat the whole defect of interest as an abstract object, 
rather than tracking every atom comprising the defect, and the system 
evolution is described in terms of events that the object experiences. 
While, such a simplification considerably accelerates the simulations, 
OKMC disregards atomic-level features of the system. In contrast, point 
defect jumps are elementary events in AKMC, which is further catego-
rized into on-lattice AKMC or off-lattice AKMC. The concept of on-lattice 
AKMC would work well if one can assume that the atoms are on-lattice 

throughout the simulation (e.g., vacancy diffusion simulations), while 
special care is required for the cases where lattice distortion is signifi-
cant, such as in the presence of interstitial atoms. 

However, there are some well-known limitations of OKMC and 
conventional AKMC, resulting in significant challenges when simulating 
complex defects and corresponding dynamics. For instance, one needs to 
list all possible events that can occur during the simulation beforehand, 
constraining the system evolution to within our intuition. This 
constraint imposes a severe limitation on OKMC and conventional 
AKMC in some cases because the real system evolution often experiences 
unexpected dynamics beyond our imagination. The diffusion dynamics 
for an adatom on the Al (100) surface is one typical example: although 
single-adatom-hops had been previously assumed to be a dominant 
mechanism for adatom diffusion on the surface based on intuition, 
density functional theory calculations clarified that two atoms-involved 
complex events have a lower activation energy and are dominant [7]. 
The difficulty of predicting complex dynamics beforehand, together 
with the numerous numbers of their patterns that potentially exist, 
makes the building of the complete catalog pragmatically challenging. 
In addition, a pre-defined catalog tends to ignore the change in complex 
strain field around defects during the simulations and cannot reflect it in 
the energy barriers of the events in the catalog, possibly leading to a 
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flawed system evolution in OKMC and conventional AKMC simulations. 
In recent years, on-the-fly atomistic kMC [8] has attracted increasing 

interests from computational materials scientists by lifting some of the 
limitations of OKMC and AKMC. In on-the-fly kMC, saddle points (SPs) 
around a local minimum in a potential energy surface (PES) are searched 
to explore possible dynamics at each step, and the event catalog is 
constructed from the discovered dynamics. Such an on-the-fly con-
struction of the event catalog enables kMC simulations to be performed 
while taking the system configuration into account at each moment. An 
on-the-fly kMC method was first proposed by Henkelman et al. [9], 
referred to as adaptive kMC in a later study [10]. In adaptive kMC, 
saddle point searches (SPSs) are performed by the dimer method [11], 
which only requires the information on first derivatives of the PES to 
locate SPs. They applied adaptive kMC to the growth process of the Al 
(100) surface, where the simulated time reached up to several milli-
seconds while several atoms-involved complex events were successfully 
simulated [9]. 

Following the development of adaptive kMC, various kinds of on-the- 
fly kMC methods have been proposed and reported to successfully 
handle meso-timescale dynamics, e.g., point defect diffusion in Fe 
[12–14], Ni [15], Zr [16], W [17], c-Si [18,19], Fe-C [20], and lithiated 
Si [21]. In addition, a previous study conducted a comparison of the 
results of point defect diffusion in Fe between different on-the-fly kMC 
methods [22]. Major differences between each on-the-fly kMC method 
reside in the manner of SPS during the simulations. For instance, the 
kinetic activation-relaxation technique (k-ART), developed by El- 
Mellouhi et al. [23–26], employs the activation relaxation technique 
(ART nouveau) [27,28], which uses the Lanczos method [29] to 
converge to SPs, greatly reducing the calculation cost of SPS when 
compared with directly calculating the Hessian. Furthermore, k-ART 
performs topological classification of local atomic environments and 
groups them into specific topologies [30], followed by SPSs for each 
topology group. One of the topics that k-ART has been successfully 
applied to is the study of disordered solids, such as amorphous Si. Due to 
the difficulty of pre-constructing the event catalog, amorphous Si has 
been intractable for OKMC and conventional AKMC, and the modelling 
of its microstructural evolution has been limited to only within the MD 
timescale [31–35]. In a previous study [36] however, k-ART was 
employed to simulate long-time structural relaxation in amorphous Si 
far beyond the MD timescale, reaching up to milliseconds, and vacancy 
behavior during the relaxation was extensively investigated. In these 
simulations, they clarified that the role of vacancies in the relaxation 

was much less significant than that which experiments had suggested 
[37–40]. Overall, their simulations clearly indicated that relaxation and 
diffusion processes in amorphous Si are fundamentally different from 
those in crystalline materials, which demonstrates the application of on- 
the-fly kMC is key to investigate complex dynamics in disordered 
systems. 

In comparison, Fan et al. [41] combined kMC and autonomous basin 
climbing (ABC) [42,43], where a series of penalty functions is added 
around a given local minimum on the PES until the system reaches an 
SP. A previous study also employed the nudged elastic band method 
[44] to further improve the accuracy of a SP found by ABC [45]. 
Additionally, they have proposed an improved algorithm, in which 
repulsive blocking functions are added on already identified SP to 
sample multiple SPs [16,45], while the original algorithm predomi-
nantly finds only the SP with the lowest energy barrier. Previous studies 
modelled dislocation–defect interactions in hcp Zr [46] and bcc Fe 
[47,48] with ABC-based SPS while employing low strain-rates, even 
down to 10–7 s− 1, to induce the interactions. Their models showed good 
agreement with the MD simulations performed for comparison. More-
over, the observed interaction processes were dependent on the strain- 
rate, and importantly, they found interaction mechanisms that 
occurred only at low strain-rates, which were far below the rates that 
have been typically employed in MD studies [49,50,54,90]. These 
studies demonstrate the potential of on-the-fly kMC to bridge the 
timescale gap between MD and experiments in some cases. 

Meanwhile, Xu et al. have developed self-evolving atomistic kinetic 
Monte Carlo (SEAKMC) [55–58], where the dimer method [11] is also 
used for SPSs in the original version, as in adaptive kMC [9,10], while 
other SPS methods, such as ART nouveau [27,28] and the scaled 
hypersphere search method [59,60], have also been implemented in 
later developments. The major difference between SEAKMC and adap-
tive kMC is that a concept of active volume (AV) is introduced during 
SPSs in SEAKMC. AVs are set around areas in which dynamics of interest 
may occur (usually around lattice defects) and atoms outside the AVs are 
frozen during SPSs based on the assumption that these atoms are suffi-
ciently distant from the defects and have little influence on SPSs. The 
introduction of AV considerably reduces the degrees of freedom of the 
system under consideration, resulting in significant acceleration of SPSs. 
Recently, a previous study applied SEAKMC to point defect diffusion in 
bcc Fe, investigating migration energies of vacancies and 〈110〉 self- 
interstitial atom (SIA) dumbbells around an edge/screw dislocation in 
detail [61]. They developed a migration energy map as a function of 

Fig. 1. (a) Flowchart of the original SEAKMC framework [55]. (b) Flowchart of the recent developments, the interactive parallel SPS (IP-SPS) and the machine 
learning-based SPS (ML-SPS) schemes, the detailed descriptions of which are presented in Section 3.1 and 3.2, respectively. 
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position with respect to the dislocation core, where a strong anisotropy 
was found for the diffusion around the dislocation, especially for the 
dumbbells. In addition, they simulated the absorption process of the 
defects by the dislocation using the obtained migration energy map and 
confirmed a significant influence of the diffusion anisotropy on the 
actual trajectories and the absorption time of the defects. Their results 
have shown the applicability of on-the-fly kMC simulations to exten-
sively investigate defect diffusion kinetics, even under complex strain 
fields. 

On the other hand, a general challenge for on-the-fly kMC that has 
limited its capability is the time-consuming nature of the on-the-fly 
construction of the event list by SPSs, which results in much higher 
computational cost compared to OKMC and conventional AKMC. 
Therefore, the improvement of the SPS efficiency is critical to further 
broaden the applicability of on-the-fly kMC simulations. One of the 
approaches to address this challenging task is to reduce duplicate con-
vergences of multiple SPSs to the same SP. For instance, in SEAKMC 
simulations, many SPSs are launched either one by one or in parallel at 
each step to sample various SPs around a given local minimum. These 
SPSs, however, do not necessarily identify different SPs from each other, 
and some of them often converge to the same SPs. To reduce such 
redundant SPSs, we could cancel SPSs and start new ones if they will 
likely converge to already-found SPs or are going in the same direction 
as other concurrent SPSs. Another approach to improve the SPS effi-
ciency is to adjust starting points for SPSs so that they will likely 
converge to unfound SPs. In the original versions of SEAKMC, random 
displacements are added to a given local minimum configuration, and 
SPSs start from these displaced configurations to sample various SPs 
around the minimum. The probability of finding new SPs could be 
enhanced by adjusting the initial displacements based on the informa-
tion from previously-performed SPSs. 

In this review, we present in Section 2 a detailed description of 
SEAKMC, a prospective meso-timescale simulation method with atom-
istic fidelity. In addition, we discuss recent developments that signifi-
cantly improve the SPS efficiency in on-the-fly kMC simulations: (i) an 
interactive parallel SPS (IP-SPS) scheme, where multiple SPSs are 
allowed to interact during the parallel searches with each other to 
reduce redundant SPSs, and (ii) a machine learning-based SPS (ML-SPS) 
scheme that creates initial displacements for SPS based on the previous 
SPS information. These schemes are described in detail in Section 3 with 
applications to point defect diffusion in bcc Fe. It should be highlighted 
that these schemes are applicable not only to SEAKMC but also to other 
on-the-fly kMC methods, where the computational cost of SPS is the 
major hurdle that has limited their applicability. 

2. Self-Evolving atomistic kinetic Monte Carlo (SEAKMC) 

A flowchart of the SEAKMC algorithm is depicted in Fig. 1. We first 
characterize AVs, which are usually set around defects, where each 
defect of interest can be given an AV when they are distant from each 
other. It should be noted that the way to define AVs can be based on the 
features of the defects. For instance, a spherical AV would be suitable for 
a vacancy, while one can instead set a cylindrical AV for an interstitial 
crowdion. More generally, the Wigner-Seitz cell [62] analysis or com-
mon neighbor analysis [63] has been employed to characterize AVs. At 
each AV, SPSs are performed while freezing the atoms outside the AV to 
determine possible SPs within the AV. A previous study [56] performed 
benchmark calculations of the fidelity of AV using a point defect diffu-
sion in bcc Fe, where they found that the energy barrier obtained by SPS 
is sufficiently accurate when the AV size is properly controlled. Mean-
while, a smaller AV size would lead to a better efficiency because of 
smaller degrees of freedom of the system and fewer force evaluations. 
These indicate that AV size is the critical input parameter that controls 
both fidelity and efficiency of SPSs during SEAKMC simulations. 

To achieve a better SPS efficiency, a previous study [56] has pro-
posed a multi-step SPS technique, where the AV size is gradually 

increased during an SPS. In this technique, an SPS with a small AV is 
performed first, which would often lead to an inaccurate SP due to the 
few degrees of freedom of the system. The SPS is then restarted from the 
converged point with a slightly-enlarged AV to allow more atoms in the 
system to move and improve the SP accuracy. In this manner, the SPS is 
repeated multiple times with a gradual increase in the AV size until a 
desired accuracy in the SP is achieved. For instance, if the AV size is 
increased by 0.5 Å every step, one can compare the SP energy between at 
each step and define this energy difference as the convergence criterion. 
Note that the criterion value of the energy difference here should be 
determined taking into account the corresponding frequency difference 
at a simulation condition of interest, e.g., an energy decrease of 0.003 eV 
corresponds to an as large as ~ 20% frequency increase at 200 K while 
that corresponds to a merely ~ 5% increase at 700 K. In addition to 
improving the SPS efficiency, the multi-step SPS frees us from setting the 
AV size as an input parameter for the simulation. Determining an 
appropriate AV size is not straightforward in some cases and might need 
pre-calculations to verify the employed AV size. However, the multi-step 
SPS automatically determines a sufficiently large AV size for each spe-
cific event and guarantees the SPS accuracy on their own. 

In general, a local minimum on a PES is surrounded by many SPs, and 
how many SPs exist around a given minimum is not known a priori. 
Different SPs can be found by multiple SPSs launched from different 
starting points on the PES. In the original version of SEAKMC [55], the 
starting points are created by adding random displacements to the local 
minimum configuration. Ideally, all the existing SPs around the mini-
mum should be sampled to build a complete catalog for the kMC event 
selection. This is, however, a very daunting task in practical applications 
[56], since currently there is no way to guarantee that all the existing 
SPs have been sampled. The difficulty of finding all the SPs is demon-
strated in Fig. 2, where the number of found unique SPs for a 3-SIA 
cluster in bcc Fe is shown as a function of the number of performed 
SPSs. Shown therein, the number of unique SPs does not converge even 
after thousands of SPSs are performed, and convergence would be made 
even more daunting for more complex defects, which would have more 
unique SPs. Therefore, a previous study [56] has proposed a criterion to 
terminate the SPS procedure at each step, which focuses on the ratio of 
the incremental change in the frequency based on the sampled SPs: 

δ =
f *

n

ftotal
, (1)  

where f*
n and ftotal are the averaged change in the frequency during a 

Fig. 2. Number of found unique SPs and value of δ as a function of the number 
of performed SPSs in the case of a 3-SIA cluster in bcc Fe. SPs that are not 
directly connected to the starting local minimum are excluded, and the δ is 
derived based on Eq. (1). An embedded atom method (EAM)-type potential 
developed by Ackland et al. [64] is employed to describe the interatomic forces 
in the system. 
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given SPSs interval and the total frequency based on the sampled SPs, 
respectively. Note that f*

n equals Δf / Δn if we define Δn and Δf as the 
SPSs interval and the frequency change during Δn steps, respectively. 
We calculate the δ as a function of the number of performed SPSs, as 
shown in Fig. 2, where δ decreases gradually as the number of performed 
SPSs increases. Since the value of δ corresponds to the influence of SPs 
newly found during Δn SPSs on the total frequency of the event catalog, 
the δ can be used to determine a practical timing for terminating the SPS 
procedure. In addition, the value of δ relatively deviates at Δn = 500, 
rendering the δ convergence unclear, while the deviation is suppressed 
at Δn = 2000. This indicates that a sufficiently large Δn would be helpful 
to accurately identify an appropriate timing for terminating the SPS 
procedure. Although there is a chance that some SPs are still missed by 
terminating the SPS procedure based on Eq. (1), the simulated system 
dynamics would be very close to the real one. This is because there are 
usually many SPs with various lower energy barriers around a given 
local minimum and missing just some of them would not lead to a 
significantly different trajectory of the system dynamics. A previous 
study [65] conducted a direct comparison in the system dynamics be-
tween SEAKMC and MD simulations and confirmed that essentially the 
same process was observed in both simulations. 

In the original formulation of SEAKMC, the dimer method [11] was 
employed for performing SPSs. The algorithm of the dimer method, 
however, does not guarantee that found SPs are directly connected to 
the local minimum that the searches start from, i.e., some found SPs 
could be located around another local minimum. It is therefore neces-
sary to check whether a newly found SP is directly connected to the 
starting minimum before adding it to the event catalog. In adaptive KMC 
[10], the direct connection to the starting minimum is examined by a 
very simple procedure: energy minimization for a newly found SP 
configuration was conducted toward the starting minimum using a 
gradient method to check whether the system falls back to the minimum 
[10]. We also adopt this procedure to accurately distinguish SPs that are 
not directly connected to the starting minimum. Note that the calcula-
tion cost of this checking is negligible compared to that of a SPS. For 
instance, the cost for the checking is below ~ 1% of that for the SPS, in 
the case of a 〈110〉 dumbbell in bcc Fe with a spherical AV radius of 5.2 
a0 (a0: lattice constant). 

After building the event catalog by SPSs, the system clock is 
advanced using the sum of the frequencies of all the events in the cat-
alog, based on the resident time algorithm [1,2]: 

Δt = −
ln(ξ)
∑

fi
(2)  

where the fi and ξ denote the frequency of event i and a random number 

between 0 and 1. Based on the Vineyard theory [66], the fi can be 
expressed as: 

fi =

∏3N
j νmin

j
∏3N-1

j νSPi
j

exp
(

-
Ei

kT

)

(3)  

where k, T, Ei, {νmin
j }, and {νSPi

j } denote the Boltzmann constant, tem-
perature, energy of SP i, 3 N normal mode frequencies at the local 
minimum where the system exists, and 3 N – 1 non-imaginary normal 
mode frequencies at SP i, respectively (N: the number of atoms in the 
focused AV). While in on-the-fly kMC the normal mode frequencies at 
each SP can also be derived on-the-fly based on the sampled SP 
configuration, the term of the pre-exponential factors is often assumed 
to be ~ 1012–1013 s− 1 as a whole because calculating the normal mode 
frequencies tends to be time-consuming. However, in SEAKMC simula-
tions, the on-the-fly derivation of the normal mode frequencies is per-
formed with a relatively low computational cost because the degrees of 
the freedom of the system are significantly reduced by the AV. The 
occurring event at each step is randomly chosen from the catalog while 
the probability of a given event being chosen is weighted based on Eq. 
(3). Note that which event is chosen does not affect the time advance at 
each step, Δt, as shown in Eq. (2). Furthermore, the meso-timescale 
capability of the kMC method arises from the formulation of Eq. (2), i.e., 
the time advance at each step is controlled by the frequencies of the 
listed events. This means that a drastic increment in the simulated time 
can be achieved if the event catalog is composed of infrequent events 
with relatively high energy barriers. It should be mentioned that there 
are also uncertainties in the simulated time due to the incompleteness of 
the event catalog, and it is difficult to accurately estimate the amount of 
the error since we do not know the information on all the existing SPs 
around the local minimum the system exists at. This is a potential lim-
itation for all the kMC simulations, and the obtained simulated time 
needs to be discussed very carefully. 

Energy minimization is performed after the kMC event selection to 
push the system over the chosen SP and to reach another local minimum. 
We note that only the relaxation within the AV in which the event occurs 
at the current step is enough if the other AVs are sufficiently distant 
from, which reduces the computation cost of the simulations even 
further. Moreover, the most significant advantage of this local relaxation 
is that SPSs at the next step need to be performed only for the AV where 
the event occurs at the last step. This is because the configurations in the 
other AVs remain unchanged at the last step. 

While an EAM potential has been often employed to derive the 
interatomic forces in SEAKMC simulations [55–58,61,65], the frame-
work of SEAKMC is not limited to a specific manner of the forcefield 

Fig. 3. (a) Representation of a two-dimensional PES. Dashed square expresses the region shown in (b). (b) Schematic explanation of the IP-SPS scheme.  
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derivation, e.g., SEAKMC is also compatible with other types of semi- 
empirical potentials and even first principles calculations. In addition, 
the SEAKMC simulation code interfaces with Large-scale atomic/mo-
lecular massively parallel simulator (LAMMPS) [67], which enables the 
ready modelling of the forcefield in various systems and significantly 
broadens the applicability of SEAKMC. 

3. Developments for improving the efficiency of saddle point 
search 

3.1. Interactive parallel saddle point search (IP-SPS) 

Fig. 3 shows a schematic explanation of the IP-SPS scheme (see the 
flowchart in Fig. 1(b) also). The system configuration within an active 
volume (AV) during a saddle point search (SPS) can be expressed as a 
configuration vector on a 3NAV-dimensional space, the components of 
which consist of the coordinates of the atoms in the AV (NAV: Number of 
atoms in the AV). In this scheme, ongoing SPSs exchange information on 
their configuration vectors with each other every N step(s) (ΔNinteract) 
and the angles between the configuration vectors are evaluated based on 
their dot products. If an angle between the configuration vectors of two 
SPSs is below a cutoff angle, θcut, we cancel the SPS that is closer to the 
starting minimum because it climbs the potential energy surface (PES) 
toward the direction close to the other’s and can be considered as a 

redundant one. For instance, five SPSs are concurrently in process in 
Fig. 3(b), and SPS-1 is canceled because the angle between SPS-1 and 
SPS-2, θ12, is below θcut and SPS-1 is closer to the starting minimum than 
SPS-2. This angle check is also conducted between ongoing SPSs and 
already found SPs. For instance, SPS-3 is canceled because the angle 
between SPS-3 and SP-I, θ3I, is below θcut. Through these procedures, the 
SPSs constantly communicate with each other to explore the large 
configuration space of the high-dimensional PES. 

We perform benchmark calculations for the IP-SPS scheme using a 
vacancy and a 〈110〉 dumbbell in bcc Fe, the results of which are 
summarized in Fig. 4. Fig. 4(a) and (b) show the total number of force 
evaluations during SPSs as a function of θcut for the vacancy and the 
dumbbell cases, respectively. Note that the number of force evaluations 
is the dominant factor controlling the computational cost of the SPS and, 
as shown, the number of force evaluations significantly decreases with 
an increase in θcut. This decrease arises from more frequent cancellations 
of SPSs at a larger θcut, as shown in Fig. 4(c) and (d). At ΔNinteract = 1 and 
10 in Fig. 4(a), we observe a decrease in the number of force evaluations 
at θcut < 30 deg. as the θcut increases, although the ratio of canceled SPSs 
remains unchanged, as shown in Fig. 4(c). This is because a larger θcut 
tends to cancel SPSs at the earlier stage of the searches, leading to the 
lower number of force evaluations even if the resultant ratio of the 
cancellations remains unchanged. Fig. 4(e) and (f) shows the number of 
found unique SPs as a function of θcut. Here, we focus on 8 SPs that 

Fig. 4. Results of benchmark calcula-
tions of the IP-SPS for the (a,c,e) va-
cancy and the (b,d,f) 〈110〉 dumbbell 
cases in bcc Fe: influence of θcut on (a,b) 
the total number of force evaluations, 
(c,d) the ratio of canceled SPSs, and (e,f) 
the number of found unique SPs. 128 
and 500 SPSs are performed for the va-
cancy and the dumbbell cases, respec-
tively. Error bars denote the standard 
deviation of the average over at least 5 
repeated calculations. Yellow-shaded 
area represents the θcut range where 
the maximum SPS speed-up can be 
achieved while sampling all the unique 
SPs. Vertical dotted-dashed line ex-
presses the half of the minimum angle 
between the configuration vectors of the 
unique SPs. SP configurations for va-
cancy and dumbbell diffusion are shown 
in the insets in (a) and (b), respectively, 
where green represents the position of 
the atom that has the largest displace-
ment at each SP for 1NN diffusion while 
yellow represents that for 〈110〉 rota-
tion. An interatomic potential devel-
oped by Ackland et al. [64] is employed 
to describe the interatomic forces in the 
system.   
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correspond to 1st-nearest-neighbor (1NN) diffusions for the vacancy 
case (see the inset in Fig. 4(a)). For contrast, we also consider 8 SPs that 
correspond to 1NN diffusions toward the direction of the dumbbell and 8 
SPs that correspond to rotations of another 〈110〉 direction for the 
dumbbell case (see the inset in Fig. 4(b)). As shown in Fig. 4(e) and (f), 
all the unique SPs are found at a lower θcut in both cases. However, some 
SPs are gradually missed once the θcut exceeds a specific value, indi-
cating that there is a maximum limit for the value of θcut to sample all the 
unique SPs. The maximum limit of θcut can be roughly estimated as half 
of the minimum angle between the configuration vectors of unique SP 
configurations. This is because, if we set the θcut to be larger than the half 
of the minimum angle between the SP configuration vectors, some SPSs 
that should have converged to unfound SPs could be wrongly considered 
to be redundant searches and hence canceled more frequently (Fig. 5). 
We calculate the minimum angle between the unique SPs to be 79.34 

and 7.94 deg. for the vacancy and dumbbell cases, respectively. As 
shown in Fig. 4(e) and (f), the half of the minimum angle between the 
unique SPs, indicated by a dashed-dotted line, agrees well with the value 
of θcut that the number of unique SPs starts to decrease at. One self- 
consistent procedure to maximize the efficiency sampling all the 
unique SPs is to adjust the value of θcut during SPSs. For instance, θcut can 
be set to be relatively large first, where a better efficiency would be 
achieved while some unique SPs could be missed. Then, the θcut can be 
gradually decreased for further SPSs, e.g., the value is cut by half every 
time, which would lead to sampling SPs missed at the beginning. If one 
cannot find new SPs despite decreasing θcut further, it indicates the value 
of θcut is now below the maximum limit for sampling the unique SPs. In 
addition, the IP-SPS scheme is compatible with the criterion to terminate 
the SPS procedure (Eq. (1)). While some SPSs are cancelled in this 
scheme, they can still be taken into consideration to count the SPSs in-
terval, Δn. This is because, even if they were not cancelled, they would 
become redundant SPSs and not change either ftotal or Δf in any case. 

As shown in the insets in Fig. 4(a) and (b), a point defect has high 
degree of symmetry and their SP configurations correspondingly exhibit 
symmetric structures, which indicates that we can reconstruct or predict 
unfound SPs from the configurations of already found SPs based on the 
symmetries. This is another powerful concept to accelerate SPSs in on- 
the-fly kMC simulations. In addition, the maximum limit of θcut to 
sample all the unique SPs, mentioned above, can be mitigated by the 
symmetry-based SPSs. For instance, the 8 SP configurations of vacancy 
diffusion can be predicted with information from only one of them since 
all the 8 SPs are symmetric about a vacancy position (see the inset in 
Fig. 4(a)). The value of θcut can hence be increased without any limi-
tation, in principle. For the dumbbell case, a high degree of symmetry 
can be seen within each of the two SP groups, namely, the 1NN diffusion 
and the 〈110〉 rotation groups (see the inset in Fig. 4(b)). We therefore 
need to find at least one SP for each of the two groups to predict all 16 SP 
configurations using their symmetries. For instance, assuming we find 
one of the 8 SPs for 1NN diffusion, we only need to sample the SP for 
〈110〉 rotation whose configuration vector has the largest angle with 
that of the already-found SP for 1NN diffusion, while setting the θcut to 
be as large as possible. We find that the largest angle between an SP 
configuration vector for 1NN diffusion and that for 〈110〉 rotation is 
121.64 deg. Thus, setting the θcut to be smaller than the half of 121.64 

Fig. 5. Cancellation of a SPS that should have converged to an unfound SP due 
to a too large θcut. 

Fig. 6. Comparison of the percentage of time that the model identifies the correct SP among different ML methods. The classification and regression training (Caret) 
[83] package is used for employing the methods here, except for the TensorFlow neural network, which is manually implemented by the TensorFlow library [84] 
with a model structure shown in Table A1. 
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deg. would be enough to find at least one SP for each of the two SP 
groups, which significantly mitigates the limitation of the θcut. 

3.2. Machine learning-based saddle point search (ML-SPS) 

Machine learning (ML) has been used for materials science in a va-
riety of ways, such as to guide computational experimentation in the 
search for target materials [68,69] and to predict the success of reactions 
[70]. Moreover, the idea of integrating domain knowledge into the data 
science workflow is currently a popular area of research among data 
scientists and domain scientists and is referred to by a variety of phrases 
such as informed machine learning [71], physics-guided/informed 
neural networks / machine learning [72–74], theory-guided data sci-
ence [75], and semantic-based regularization [76]. Material scientists 
are aware of such methods and recognize the pitfalls of ignoring physics 
information in the materials informatics workflow (see [77]). Indeed, a 
recent study used a ML approach informed by atomic topology infor-
mation to predict the dissolution kinetics of silicate glasses [78]. 

The capability of ML to deal with complex relationships among a vast 
amount of data also has the potential to help analyze the potential en-
ergy surface (PES) of the system from previous saddle point search (SPS) 
information. For instance, the dimer method [11], originally imple-
mented in SEAKMC, is a deterministic algorithm, where a converged 
saddle point (SP) is uniquely determined once the initial displacement of 
a SPS is set. This leads to the question of whether a supervised learning 
algorithm, given an initial displacement vector, can approximately 
predict the SP configuration that the dimer method will find without 
performing an SPS. While previous studies have reported some suc-
cessful applications of ML to estimating SP energies [79–82], SP con-
figurations are highly multi-dimensional, even when active volumes 
(AVs) are employed, and predicting SP configurations by ML would be a 
great challenge as a result. Still, such a technique would help us to map 
the comprehensive landscape of the PES of the system and become a 
beneficial clue to the location of existing SPs around a given local 
minimum. Furthermore, the information on the PES would be very 
useful to check whether all the important SPs have been sampled. This is 
critical for kMC simulations since the completeness of the event catalog 
governs both the dynamics and the simulated time. 

To answer the question above, we build a ML model that predicts 
which SP an initial displacement leads to, based on previous SPS 

information. A supervised ML algorithm is employed here, where each 
data point consists of the initial displacement vector and is labeled ac-
cording to the SP found by the resulting dimer method search. For the 8 
SPs of vacancy 1st-nearest-neighbor (1NN) diffusion in bcc Fe (see the 
inset in Fig. 4(a)), we prepare a large number of initial displacement 
vectors and corresponding SPs and feed them to the ML model so the 
model learns inherent patterns between the vectors and SPs found by the 
dimer method. To test the model accuracy, we evaluate the percentage 
of time that the model identifies the correct SP for different ML methods, 
as shown in Fig. 6. Note that for each method 8,000 and 2,000 data 
points are used to train the model and to evaluate the percentage, 
respectively. It is seen that the percentage significantly varies, depend-
ing on the employed method. For instance, the percentage for the lo-
gistic regression, linear discriminant analysis, and nearest shrunken 
centroids are far lower than the others; the likely cause of this low ac-
curacy is that their modeling schemes are too simple to extract nonlinear 
features of the patterns between initial displacement vectors and SPs. In 
contrast, the neural network with a Sequential model (implemented in 
TensorFlow [84]) exhibits a higher accuracy (83%), suggesting that its 
deep-layered architecture better captures complicated patterns of the 
initial displacement vector–SP relationship. These indicate ML possesses 
a capability to predict the converged SP from a given initial displace-
ment based on the information from previous SPSs, depending on the 
employed method. 

However, there are also some limitations in ML-SPS. Fig. 7 shows the 
percentage of time that the model identifies the correct SP as a function 
of the amount of training data for the neural network by TensorFlow. It 
is seen that several thousand data points are necessary to achieve 80%. 
Additionally, while the accuracy in the model is improved by increasing 
the amount of training data, the rate of improvement diminishes, 
especially after the amount of data exceeds ~ 10,000. This finding in-
dicates that a vast amount of data is required for the ML model to learn 
SPS information sufficiently, and it would be challenging to achieve 
100% accuracy, even for simple dynamics, such as vacancy diffusion in 
bcc Fe. These potential limitations of ML-SPS can be mitigated by 
concurrently employing other SPS schemes, such as IP-SPS. When 
applying ML-SPS to generate initial displacements for unfound SPs, an 
insufficient accuracy in the ML model could lead to flawed adjustments 
of the initial displacements, resulting in redundant SPSs that converge to 
the same SPs. However, such redundant SPSs are automatically 
cancelled before they converge to already-found SPs if the IP-SPS is used 
simultaneously, as shown in Fig. 1(b). In addition, the SPS information 
for vacancy diffusion in bcc Fe, obtained here, could also be utilized for 
vacancy diffusion in another bcc system. Such a construction of inter-
system SPS database or a transfer learning technique would be very 
beneficial to efficiently collect a vast amount of SPS information and 
significantly contribute to mitigating the potential limitations of ML- 
SPS. 

4. Summary and outlook 

Considering that meso-timescale modeling of atomic processes is 
critical, it is essential to improve the on-the-fly kMC capability and 
broaden its applicability. In the first part of this paper, we review the 
detailed procedure of SEAKMC and discuss key components of on-the-fly 
kMC simulations, such as SPS terminating criteria. In the second part, we 
propose two schemes to improve the efficiency of SPSs, the IP-SPS and 
the ML-SPS, and enhance the capability of on-the-fly kMC simulations. 
Benchmark calculations are performed for these two schemes using 
point defect diffusion in bcc Fe. For the IP-SPS, the computational cost 
significantly decreases with an increase in θcut; however, some SPs are 

Fig. 7. Percentage of time that the model identifies the correct SP as a function 
of the amount of training data for the neural network by TensorFlow [84] with 
a model structure shown in Table A1. 
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missed once the θcut exceeds a specific value, indicating that there is a 
maximum limitation for the value of θcut to sufficiently sample unique 
SPs. We discuss a self-consistent procedure to maximize the efficiency of 
the IP-SPS while sufficiently sampling unique SPs, where the θcut is 
adjusted during SPSs. Utilizing the symmetry of the defect would also 
effectively mitigate this limitation. For the ML-SPS, the neural network 
by TensorFlow exhibits the highest accuracy in predicting the converged 
SP from an initial displacement vector among the ML methods tested 
here. Although a vast number of datasets are required for a sufficient 
accuracy and the ML model would not achieve the 100% accuracy in 
practice, a concurrent use of IP-SPS and transfer learning technique 
would be useful to mitigate these potential limitations of ML-SPS. 

While on-the-fly kMC simulations have often focused on dynamics of 
point defects [12–21] and small defect clusters [41,65,85–87] due to the 
computational cost, the improved SPS efficiency would considerably 
broaden the applicability of on-the-fly kMC towards more complex de-
fects. For instance, the efficient SPS would enable study of extended 
defects, such as dislocations and grain boundaries, which requires a 
large system size and the larger number of SP samplings because of their 
complexity. This would be a critical contribution to the modelling of 
microstructural evolution in materials, where these extended defects 
play important roles. Furthermore, on-the-fly kMC would be applicable 
not only to microstructural evolution but also other various meso-time-
scale processes, e.g., chemical reactions [88] and protein folding [89]. 
This wide applicability that on-the-fly kMC potentially has, even beyond 
the scope of structural materials, demonstrates its critical role in 
atomistic modeling of meso-timescale processes in computational 
science. 
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